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Abstract 

This study examines the effects of regional childcare policy on regional and total fertility, 

interregional migration, capital accumulation, and welfare. The study utilizes an overlapping 

generations model with endogenous fertility and two asymmetric regions; one region has children 

who do not have access to childcare facilities, whereas the other region does not. In this setting, 

Hashimoto and Naito (2023) showed that a regional childcare policy can increase both regional and 

total fertility. However, they did not refer to welfare effects. As the government's ultimate objective 

is to maximize or improve social welfare, it need not necessarily focus on overcoming declining 

fertility rates. Therefore, this study explores whether the childcare support policy of Hashimoto and 

Naito (2023) has improved the social welfare of the economy. Under a plausible rate of labor income 

share, the childcare support policy raises consumption owing to a decrease in capital accumulation. 

Thus, childcare support policy increases social welfare when the fertility rate rises or is unaffected, 

and it does not necessarily increase social welfare if it causes a decline in the fertility rate. 
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1. Introduction 

Low fertility is a prevalent phenomenon in most developed countries. Low fertility rates are expected 

to lead to a population decline, as observed in countries such as Japan. Population decline has various 

negative impacts on the economy: smaller market size, decreased labor force, deterred economic 

growth, and consequently, decreased consumption and savings. Whether these effects exist is highly 

empirical, but a decrease in the population of a society indicates that the society will eventually 

disappear, and ceteris paribus, tax revenues will decrease. Therefore, population decline is an 

economic problem that governments at various levels need to overcome. The female labor force is 

expected to compensate for the resulting labor shortages; hence, various private and public support 

measures have been implemented to increase women's labor participation and employment rates. 

According to Statistics Bureau of Ministry of Internal Affairs and Communications in 2024, 

dual-income families accounted for 71% of all families in 2023, up from 38% in 1980. It is interesting 

to determine who raises children in countries with declining fertility rates. In general, childcare 

obligations seem to impose a greater burden on women than on men in these countries. Waitlisted 

children are those who cannot access to adequate childcare facilities.1 Households that are unable to 

leave their children in adequate childcare facilities tend to face a decrease in available working hours. 

When families are unable to find adequate childcare facilities for their children, it gives rise to the 

problem of waitlisted children. Figure 1 shows the distribution of waitlisted children among 

prefectures in Japan in 2020. Overall, 0.45% of children in 2020 were waitlisted in prefectures 

comprising large cities, which are labelled as urban areas, compared with 0.41% for prefectures 

without large cities. The ratio of waitlisted children is higher in urban areas than in rural ones.  

 

 

 

 

 

 

                                                 

1 For the term "Waitlisted children," please see the following website: https://www.mhlw.go.jp/english/org/pamphlet/dl/serviceguide2022.pdf 



40 

Figure 1. Percentage of waitlisted children among prefectures in Japan, 2020 

 

Source: Children and Families Agency in Japan (https://www.cfa.go.jp/policies/hoiku/torimatome/r5) 

Figure 2 indicates the fertility rates for each prefecture in Japan in 2020. There are differences 

in both the fertility rates and percentage of waitlisted children among prefectures. Furthermore, lower 

fertility rates have been observed in urban areas. For instance, prefectures such as Tokyo, Osaka, and 

Kanagawa, which include major Japanese metropolises, exhibit lower fertility rates, whereas the 

fertility rates in prefectures such as Miyazaki, Shimane, and Fukushima, which are geographically 

distant from Japan's metropolitan areas, are relatively high. Figures 1 and 2 jointly suggest a negative 

relationship between the ratio of waitlisted children and fertility rate in Japan, although other factors 

are not controlled for.  

The distribution of the working population across Japan also exhibits a significant variation. 

Figure 3 indicates the percentage of the working-age population in each prefecture to the total 

working-age population of Japan in 2020. However, this percentage is relatively high in urbanized 

areas such as the Tokyo and Kansai metropolitan areas, which have Osaka and Kyoto as the core city, 

respectively. 
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Figure 2. Fertility rates for each prefecture of Japan, 2020 

 

Source: Ministry of Health, Labour and Welfare in Japan (https://www.mhlw.go.jp/index.html) 

Figure 3. Labor force of prefectures in Japan, 2020 

  

Source: Statistics Bureau of Ministry of Internal Affairs and Communications in Japan (https://dashboard.e-stat.go.jp/) 
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A large working-age population in an urban region reduces wages in that region and simultaneously 

increases them through concentration effects. In addition, congestion generally occurs in residential 

and work regions where the population is concentrated. The issue of waitlisted children is a typical 

example of this congestion phenomenon. It is necessary to account for differences in the distribution 

of the working-age population when the interregional gap in fertility rate or waitlisted children are 

investigated because family planning decisions are made by adults who are generally also of working 

age. 

Extensive research has been done on the relationship among fertility, population, and the 

regional economy. Using a two-region overlapping generations model, Sato and Yamamoto (2005) 

showed that a decline in child mortality results in a decrease in the fertility rate, leading to a 

demographic transition. Using a multi-region overlapping generations model, Sato (2007) 

demonstrated that a concentrated economy causes an increase in population, leading to congestion, 

which explains the decrease in fertility. Goto and Minamimura (2019), by using a multi-country 

overlapping generations model, found that economic integration can lead to population concentration 

in larger countries, a decrease in fertility in these countries, and a decrease in population size in the 

long run. Yakita(2011) introduced public goods into an overlapping generations model with two 

regions and an asymmetric production technology, and analyzed how the benefits from spillovers of 

regional public goods affect demographics. Several studies have empirically analyzed regional 

concentration or fertility. Koka and Rapallini (2023) examined how the aging of the population in 

Italy affects policies regarding childcare assistance. They used a stochastic voting model with 

commitments to estimate the desired policy and showed childcare subsidies positively affect fertility 

rates and improve welfare. Schoppa (2020) examined how Japan has adopted this menu of policies 

over the past 30 years in the hopes of increasing its fertility rate. Although previous studies have 

explored interregional migration and regional fertility, focusing on various features of the regional 

economy that exist, the issue of waitlisted children has not yet been extensively studied. Some 

exceptions are as follows. Kawabata(2014) empirically clarified that accessibility to childcare 

facilities makes it difficult for women with children to get the jobs they want.  

Hashimoto and Naito (2021) used a two-region overlapping generations model with 

endogenous fertility to study the effect of a decrease in the exogenous probability of a child becoming 

a waitlisted child. Hashimoto and Naito (2024) analyzed the childcare policy that decreases the 

probability of a child becoming a waitlisted child, which is determined endogenously. Although they 

analyzed the impact of childcare policy on regional fertility, total fertility, interregional migration, 

and capital accumulation, they did not mention social welfare. Therefore, this study conducts a 

welfare analysis. 
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The remainder of this paper is organized as follows. Section 2 presents a two-region 

overlapping generations model of endogenous fertility that incorporates waitlisted children, 

interregional migration, and government behavior. Section 3 analyzes capital accumulation and 

population distribution in equilibrium. Section 4 examines the effects of childcare policy on regional 

fertility, interregional migration, and capital accumulation. Section 5 presents the welfare analysis 

and discussion. Section 6 concludes the paper. 

 

2. The model 

To incorporate the regional differences in fertility and labor force mentioned in the previous section, 

we develop the multi-region model to analyze the impact of regional childcare policy on social 

welfare theoretically. We consider a closed economy with two regions, which is populated by 

overlapping generations of individuals who live for three periods. Each individual chooses to live in 

either region 𝑢 or region 𝑟 and makes a fertility choice.  

 

2.1 Individuals 

In the first period, the individuals are children who make no decisions.2 They become adults in the 

second period and engage in decision-making; they choose whether to reside in region 𝑢 or 𝑟 at the 

beginning of this period, whether to have children, how to allocate their time between work and 

childrearing, and whether to save the income they earn. The migration caused by changing the region 

of residence is assumed to occur only once in life; once individuals reside in a region during the 

second period, they remain there in the third period. In the third period, they retire and consume all 

of their savings. Adults derive utility from the number of their children and their own consumption 

during retirement. Thus, the adult population in any period 𝑡  consists of the adult population in 

regions 𝑢 and 𝑟, 𝑁𝑡 = 𝑁𝑡
𝑢 + 𝑁𝑡

𝑟, where 𝑁𝑡 and 𝑁𝑡
𝑖 represent the adult population in period 𝑡 and the 

adult population in the region 𝑖(= 𝑢, 𝑟), respectively. The preferences of an adult of region 𝑖 in period 

𝑡 are defined based on the number of children 𝑛𝑡
𝑖  and consumption 𝑐𝑡+1

𝑖  in the retirement period. 

Assuming that all individuals have a common preference, the utility function is given by  

 𝑈𝑡
𝑖 = 𝛾ln𝑛𝑡

𝑖 + (1 − 𝛾)ln𝑐𝑡+1
𝑖 ,    0 < 𝛾 < 1, (𝑖 = 𝑢, 𝑟)                          (1) 

                                                 

2
 In spite that individuals in the childhood don't make any decisions, we explicitly mention the existence of the childhood period, because it is useful 

for intuitive understanding of the structure of the model and results being derived. It is notable that the structure of the mathematical optimization 

problem is no different from the standard two-period OLG model, where the lifetime period is explicitly stated as two periods. 
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 where 𝛾 reflects fertility preferences and 1 − 𝛾 indicates consumption preferences. We assume that 

parenting is time-consuming. Each individual allocates their time between childrearing and work; an 

increase in childrearing time means a decrease in work time, which in turn leads to a decrease in labor 

income at any given wage rate. We also assume that childrearing time is proportional to the number 

of children, specified as 𝑧𝑡
𝑖𝑛𝑡

𝑖 , where 𝑧𝑡
𝑖 ∈ (0,1) denotes the unit childcare cost in period 𝑡 in region 

𝑖 . 𝑧𝑡
𝑖  is generally supposed to depend on the availability of public childcare services and other 

personal and social circumstances, including whether one works from home, transportation status, 

and has familial support. The childrearing environment varies from region to region; therefore, 𝑧𝑡
𝑢 

and 𝑧𝑡
𝑟 generally differ. As Hashimoto and Naito(2023) stated, the supply of childcare services is 

insufficient to satisfy the demand in Japan; this problem is particularly acute in urban areas. When 

the supply of childcare services is insufficient, a disparity arises, with some parents being able to 

access them and others being unable to do so. 3 We assume that the supply of childcare facilities is 

insufficient in region 𝑢 and that, consequently, access to the facilities is assigned to a portion of the 

adults there. The unit childcare cost in region 𝑢 is denoted by 𝑧 if the parents do not have access to 

their desired childcare facilities and by 𝜇𝑧 if they can access the childcare facility they prefer, where 

𝜇 ∈ (0,1). If the assigned childcare facility does not support the parents' work schedules, they will be 

forced to significantly reduce their working time when they have children. 4  𝜇  stands for the 

inefficacy of childcare facilities in supporting working parents; a larger 𝜇 implies that the parent 

incurs greater childcare costs. 5 We assume that the assignment of childcare facilities is probabilistic 

and that parents face a situation in which the facilities are not available with standby probability 𝑝𝑡 ∈

(0,1). The more childcare facilities there are, the more likely it is that childcare facilities will be 

available. Thus, the standby probability 𝑝𝑡 can be considered a function of the sufficiency of childcare 

facilities in region 𝑢, denoted by 𝑓𝑡; 𝑝𝑡 = 𝑝(𝑓𝑡). 𝑓𝑡 increases as the government in region 𝑢, ceteris 

paribus, increases the supply of public childcare facilities. The parents in region 𝑢  face a unit 

childcare cost of 𝑧 with probability 𝑝(𝑓𝑡) and 𝜇𝑧 with probability 1 − 𝑝(𝑓𝑡) when determining the 

number of children they will have at the beginning of period 𝑡. Thus, the unit childcare cost in region 

𝑢, 𝑧𝑡
𝑢, is defined as a linear combination of the two situations, weighted by each probability:  

𝑧𝑡
𝑢 = [𝑝(𝑓𝑡) + (1 − 𝑝(𝑓𝑡))𝜇]𝑧.                       (2) 

                                                 

3 For an account of regional differences in the waitlisted children issue, see Hashimoto and Naito(2021) 

4 Childcare facilities are less useful for parents when they open late, close early, or frequently call the parents in for various reasons. 
5 In general, parents may be classified in one of two ways: those who do not want to utilize childcare facilities and those who want to work part-time 

or full-time and would like to utilize childcare facilities. The study model considers only the latter. 
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 In contrast to region 𝑢, we assume that, in region 𝑟, childcare facilities meet the demand such that 

all parents can use them if they desire. For the model to be tractable, the childcare cost in region 𝑟, 

𝑧𝑡
𝑟, is assumed to be common across parents and constant over time, 𝑧̅. 6 The budget constraints for 

each adult in region 𝑢 in period 𝑡 are given by  

 (1 − [𝑝(𝑓𝑡) + (1 − 𝑝(𝑓𝑡))𝜇]𝑧𝑛𝑡
𝑢)𝑤𝑡

𝑢 = 𝑠𝑡
𝑢  (3) 

 and  

 𝑅𝑡+1𝑠𝑡
𝑢 = 𝑐𝑡+1

𝑢 , (4) 

 where 𝑛𝑡
𝑢, 𝑤𝑡

𝑢, and 𝑠𝑡
𝑢 are the number of children, wage, and savings in region 𝑢, respectively. 𝑅𝑡+1 

and 𝑐𝑡+1
𝑢  denote the gross rates of return on capital and consumption during retirement, respectively. 

The rate of return on capital is the same for the two regions because we assume that the capital market 

is integrated within the economy. By maximizing (1) subject to (3) and (4) with respect to 𝑛𝑡
𝑢 and 

𝑐𝑡+1
𝑢 , we obtain  

 𝑛𝑡
𝑢 =

𝛾

[𝜇+(1−𝜇)𝑝(𝑓𝑡)]𝑧
                                                (5) 

 and  

 𝑐𝑡+1
𝑢 = 𝑅𝑡+1(1 − 𝛾)𝑤𝑡

𝑢.                                                (6) 

 (5) shows that a higher standby probability 𝑝(𝑓𝑡) results in fewer children.7 The budget constraints 

of the individuals in region 𝑟 are given by  

 (1 − 𝑧̅𝑛𝑡
𝑟)𝑤𝑡

𝑟 = 𝑠𝑡
𝑟 (7) 

 and  

 𝑅𝑡+1𝑠𝑡
𝑟 = 𝑐𝑡+1

𝑟 . (8) 

                                                 

6 We also posit the existence of insurance companies that behave competitively. With the assumption that the administrative costs per contract are 

negligible, payments are made on an actuarially fair basis. Each individual in region 𝑢 buys actuarially fair insurance before they make decisions. 

7 We set up the model in such a way that the determination of fertility is not affected by the wage rate. Then, the role of the accessibility to childcare 

service in the determination of fertility can be investigated with mathematical clarity, and the set makes it easier to derive clear policy implication 

conducting. 
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 To simplify the analysis, we assume 𝑧̅ is equal to 𝜇𝑧. By maximizing (1) subject to (7) and (8) with 

respect to 𝑛𝑡
𝑟 and 𝑐𝑡+1

𝑟 , we obtain the optimum as follows.  

 𝑛𝑡
𝑟 =

𝛾

�̅�
 (9) 

 and  

 𝑐𝑡+1
𝑟 = 𝑅𝑡+1(1 − 𝛾)𝑤𝑡

𝑟 . (10) 

 We assume that [𝑝(𝑓𝑡) + (1 − 𝑝(𝑓𝑡)𝜇)]𝑧𝑛𝑡
𝑢 < 1 holds. This ensures that the savings, 𝑠𝑡

𝑢, in (3) is 

positive. 𝑧̅𝑛𝑡
𝑟 < 1 is also assumed for 𝑠𝑡

𝑟 > 0. These restrictions are attributed to the fundamental 

assumption that one unit of time endowed to each individual cannot be lent or borrowed between 

individuals. The regional fertility gap seen in (5) and (9) captures that in the reality illustrated in 

Figure 2.  

As the adult population of the economy in period 𝑡  is simply the total population of the 

generation born in period 𝑡 − 1, 𝑁𝑡, we define 𝜙𝑡 as the ratio of the adult population in region 𝑢 to 

the adult population of the economy, that is, 𝑁𝑡
𝑢/𝑁𝑡. As the economy consists of two regions, two 

hypothetical population distributions between the regions should be considered. The first is expressed 

as 𝜙𝑡 = 1, where all individuals reside in region 𝑢. We define this situation as "concentration". The 

other is 0 < 𝜙𝑡 < 1, where some individuals reside in region 𝑢 and others reside in region 𝑟. This is 

denoted as "dispersion". In any period 𝑡, adults choose their residential regions to maximize their 

lifetime utility. By substituting (5) and (6) into (1), we obtain the indirect utility function of each 

individual in region 𝑢 as follows.  

                              𝑉𝑡
𝑢 = ln (

𝛾

[𝑝𝑡+(1−𝑝𝑡)𝜇]𝑧
)

𝛾

(𝑅𝑡+1(1 − 𝛾)𝑤𝑡
𝑢)1−𝛾.                                    (11) 

 From (1), (9) and (10), the indirect utility function of each individual in region 𝑟 can be expressed as 

follows.  

 𝑉𝑡
𝑟 = ln (

𝛾

�̅�
)

𝛾

(𝑅𝑡+1(1 − 𝛾)𝑤𝑡
𝑟)1−𝛾. (12) 
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 Assuming that individuals can migrate between the regions without costs, the utility levels equalize 

between the regions when dispersion occurs. When 𝑉𝑡
𝑢 = 𝑉𝑡

𝑟  holds, we obtain the following no-

arbitrage condition for a dispersion economy. 8 

 
𝑤𝑡

𝑢

𝑤𝑡
𝑟 = (

𝜇

(1−𝜇)𝑝𝑡+𝜇
)

−𝛾

1−𝛾
. (13) 

 As a result of utility maximization, we find two notable outcomes. One outcome is the regional 

fertility gap. Note that 𝑧̅ = 𝜇𝑧 is assumed. 9 From (5) and (9), we have  

 𝑛𝑡
𝑢 < 𝑛𝑡

𝑟 .                                                                (14) 

 The economic intuition for this result is as follows. The expected unit childcare cost in region 𝑢 is 

higher than that in region 𝑟. Thus, parents in region 𝑢 choose lower fertility as the optimum. 

The other outcome is the regional savings gap. By substituting (5) and (9) into (3) and (7), 

respectively, we obtain  

 𝑠𝑡
𝑢 = (1 − 𝛾)𝑤𝑡

𝑢 (15) 

 and  

 𝑠𝑡
𝑟 = (1 − 𝛾)𝑤𝑡

𝑟 .                                              (16) 

 As (13) shows that 𝑤𝑡
𝑟 < 𝑤𝑡

𝑢, it is assured that  

 𝑠𝑡
𝑢 > 𝑠𝑡

𝑟 .  (17) 

 The intuition for the optimal savings result is as follows. 𝑛𝑡
𝑢 < 𝑛𝑡

𝑟 shown in (14) requires 𝑐𝑡
𝑢 > 𝑐𝑡

𝑟 

when the utilities in regions 𝑢 and 𝑟 are equal. As the preferences and rates of return on capital are 

common across the regions, the savings in region 𝑢 must be higher than those in region 𝑟 for 𝑐𝑡
𝑢 >

𝑐𝑡
𝑟. 

                                                 

8 As will be discussed later, when the equality in (13) does not hold but 𝑉𝑡
𝑢

> 𝑉𝑡
𝑟
 does, all individuals live in region 𝑢. 

9 If the assumption concerning unit childcare cost is relaxed appropriately, any cases of the regional fertility gap are feasible, and more complicated 

analyses can be demonstrated with other assumptions; however, these do not reflect the reality of the regional fertility gap. 
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2.2 Production 

Let us suppose that final goods are produced in regions 𝑢  and 𝑟 . Although the goods are 

homogeneous, the production technologies are assumed to be different between the regions such that 

production is capital-intensive in region 𝑢  and labor-intensive in region 𝑟 . To maintain the 

transparency of the analysis, we assume that production in region 𝑢 requires capital and labor as input 

factors, whereas production in region 𝑟  uses only labor as an input factor. Based on these 

assumptions, we specify the aggregate production function as follows.  

 𝑌𝑡 = 𝐴[𝐾𝑡
𝛼(𝐿𝑡

𝑢)1−𝛼 + 𝑏𝐿𝑡
𝑟], 𝛼 ∈ (0,1), 𝐴, 𝑏 > 0 (18) 

 where 𝐾𝑡  denotes the capital stock of the economy and 𝐿𝑡
𝑖  represents the labor supplied by 

individuals in region 𝑖(= 𝑢, 𝑟). Assuming perfectly competitive markets for goods and factors, the 

returns on labor and capital are given by  

 𝑤𝑡
𝑢 = (1 − 𝛼)(1 − 𝜏)𝐴𝐾𝑡

𝛼(𝐿𝑡
𝑢)−𝛼, (19) 

  

 𝑤𝑡
𝑟 = 𝐴𝑏,                                              (20) 

  

       𝑅𝑡 = 𝛼(1 − 𝜏)𝐴𝐾𝑡
𝛼−1(𝐿𝑡

𝑢)1−𝛼,                                        (21) 

 where 𝜏 represents the tax rate charged by the regional government on output in region 𝑢. From (19) 

and (20), the relative labor demand function is expressed as follows.  

 
𝑤𝑡

𝑢

𝑤𝑡
𝑟 = 𝑏−1(1 − 𝜏)(1 − 𝛼)𝐾𝑡

𝛼(𝐿𝑡
𝑢)−𝛼. (22) 

2.3 Government 

We assume that the regional government that provides childcare facilities in region 𝑢 uses all the 

revenue from taxation on production in region 𝑢. Letting 𝐺𝑡 represent government spending in region 

𝑢 in period 𝑡, the balanced budget constraint of the regional government in region 𝑢 in period 𝑡 is 

given by  

 𝐺𝑡 = 𝜏𝐴𝐾𝑡
𝛼(𝐿𝑡

𝑢)1−𝛼. 

The regional government provides childcare facilities to reduce the shortage of childcare services in 

region 𝑢. We consider the supply of childcare facilities effective if it reduces the probability that each 
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parent has waitlisted children. We denote the effective supply of childcare facilities as 𝑓𝑡. With 𝑔𝑡 

representing government spending per adult in region 𝑢 in period 𝑡, we assume that 𝑓𝑡 increases in 

proportion to the increase in 𝑔𝑡; that is,  

 𝑓𝑡 = 𝜆𝑔𝑡, 

where 𝑔𝑡 = 𝐺𝑡/𝑁𝑡
𝑢. This is the production function for effective childcare facilities, where 𝜆 > 0 

reflects the efficiency of government provision. 10 As 𝑝𝑡 is positive and less than unity, we specify it 

as 𝑝𝑡 = 𝑓𝑡
−1

. 11 By substituting the optimal labor supply in region 𝑢, (1 − 𝛾)𝜙𝑡𝑁𝑡 , into 𝐿𝑡
𝑢 , 𝑝𝑡  is 

obtained as follows. 12  

 𝑝𝑡 = (𝜆𝐴)−1(1 − 𝛾)𝛼−1𝜏−1 (
𝑘𝑡

𝜙𝑡
)

−𝛼

, (23) 

 where 𝑘𝑡 denotes per-adult capital stock, defined as 𝐾𝑡/𝑁𝑡. Although social welfare or economic 

growth in the long run are the most important policy goals, faced with the reality of urgent problems 

including low fertility or population decline, we observed that governments attempt to increase 

fertility with various supporting measures for having and rearing children. In this sense, the real 

government is a somewhat myopic decision-maker. We assume that the government's objective in 

this model is not to increase regional or social welfare but to increase regional fertility. Moreover, as 

a myopic decision-maker, the regional government is assumed to set the tax rate by taking 𝐾𝑡, 𝑁𝑡, 

and 𝜙𝑡 as given when it administrates the childcare policy. Hence, this myopic regional government 

believes that increasing the tax rate increases the supply of childcare facilities, lowers 𝑝𝑡, and raises 

the fertility rate in region 𝑢, as shown by the budget constraint of the government and (23). 13 

                                                 

10 It is natural to believe that 𝜆 decreases as the diversity of geographical relationship between office and home (e.g., commuting direction and 

commuting distance) increases, implying greater difficulty in reducing the shortage of childcare facilities owing to, for example, a "spatial mismatch" 

in the supply and demand of childcare facilities. 𝑓
𝑡
 is assumed to depreciate perfectly within a period. 

11 The assumption of 𝑝
𝑡

< 1 gives the lower bound for the equilibrium capital-labor ratio in region 𝑢: (𝜆𝐴(1 − 𝛾)1−𝛼𝜏)
−1

𝛼 <
𝑘𝑡

𝜙𝑡
. 

12 The formulation is not only simple but also practically valid because the standby probability can never be zero. In reality, there are mismatches 

regarding the location of childcare facilities and content of the services provided. Consequently, an increase in childcare facilities does not always 

alleviate the problem of waitlisted children. For an empirical study on location mismatches, see Kawabata(2014). 

13 This paper does not consider the optimal policy issue. 
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3. Equilibrium 

This section discusses the market equilibrium, which describes the determination of 𝜙𝑡, 𝑝𝑡, 

𝑚𝑡, 𝐾𝑡, and 𝑁𝑡. We also examine the short-run effect of a tax increase on 𝜙𝑡 and 𝑝𝑡 taking 𝐾𝑡 and 𝑁𝑡 

as given. Although 𝜙𝑡 is determined by individuals' residential choices, it must also clear the labor 

markets in both regions. Given 𝜙𝑡𝑁𝑡, individuals' optimal labor supply by utility maximization, (1 −

𝛾), forms the labor supply in region 𝑢 , (1 − 𝛾)𝜙𝑡𝑁𝑡 , whereas labor demand in region 𝑢 , 𝐿𝑡
𝑢 , is 

optimally determined by profit maximization. Substituting the labor market clearing condition (1 −

𝛾)𝜙𝑡𝑁𝑡 = 𝐿𝑡
𝑢 into (22), we obtain  

 
𝑤𝑡

𝑢

𝑤𝑡
𝑟 = 𝑏−1(1 − 𝜏)(1 − 𝛼) [

𝑘𝑡

(1−𝛾)(1−𝜎)𝜙𝑡
]

𝛼

.                        (24) 

 Using (13), (23), and (24), 𝜙𝑡 in equilibrium is shown to be a linear function of 𝑘𝑡 as follows.  

 𝜙𝑡 = Ω(𝜏)𝑘𝑡,                                                   (25) 

 where Ω(𝜏) is characterized by the parameters in (13) and (24). 14 According to (25), 𝜙𝑡 increases in 

proportion to 𝑘𝑡; however, the upper bound of 𝜙𝑡 is unity by definition. (25) shows that when 𝑘𝑡 

increases, 𝑤𝑡
𝑢 increases in the labor market, more individuals live in region 𝑢, and a threshold value 

exists for 𝑤𝑡
𝑢 such that all individuals live in region 𝑢. Let �̅� represent the value of 𝑘𝑡 where the value 

of 𝜙𝑡 in (25) is unity. That is, �̅� is defined as  

 �̅� = Ω(𝜏)−1.                                                            (26) 

 If 𝑘𝑡 exceeds �̅�, 𝜙𝑡 is set to unity, and all individuals reside in region 𝑢. Otherwise, 𝜙𝑡 is related to 

𝑘𝑡 as in (25). Noting that �̅� is a function of 𝜏, that is, �̅�(𝜏), the determination of 𝜙𝑡 can be summarized 

as follows. 

 𝜙𝑡 = {
Ω(𝜏)𝑘𝑡 ifkt < k̅(τ),

1 ifkt ≥ k̅(τ).
                                         (27) 

                                                 

14 Ω depends not only on 𝜏 but also on the other parameters included in (50) in the Appendix. However, we denote this simply as Ω(𝜏) because we 

focus on the policy change captured by a change in 𝜏. See the Appendix for the derivation of (25). 
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 Thus, 𝜙𝑡  and 𝑝𝑡  are uniquely determined in equilibrium with a given 𝑘𝑡 , respectively. 15  An 

economy with 𝑘𝑡 < �̅�(𝜏)  exhibits dispersion, whereas an economy with 𝑘𝑡 ≥ �̅�(𝜏)  displays 

concentration. Notably, the capital-labor ratio in region 𝑢, 
𝐾𝑡

𝐿𝑡
𝑢, is always constant at �̅�(𝜏) when the 

economy exhibits dispersion, that is, when 0 < 𝜙𝑡 < 1, whereas it is 𝑘𝑡 when the economy displays 

concentration, that is, when 𝜙𝑡 = 1. Therefore, 𝑝𝑡  can be easily proven to take a constant value 

independent of 𝑘𝑡  in the dispersion interval 𝑘𝑡 < �̅�(𝜏) . It decreases as 𝑘𝑡  increases in the 

concentration interval 𝑘𝑡 ≥ �̅�(𝜏). In addition to these properties, the fertility and wages in region 𝑢 

take constant values in the dispersion interval 𝑘𝑡 < �̅�(𝜏)  and increase as 𝑘𝑡  increases in the 

concentration interval 𝑘𝑡 ≥ �̅�(𝜏). The determination of 𝜙𝑡 in the process of economic development 

can explain the reigonal gap in labor force illustelated in Figure 3. 

As 𝜙𝑡 is determined such that the no-arbitrage condition on residential choice and the labor 

market equilibrium condition, both of which depend on 𝜏, are satisfied, a change in 𝜏 should affect 

𝜙𝑡 through multiple channels. 

Considering (13), (23), and (24), we obtain the derivative of 𝜙𝑡 with respect to 𝜏 from (25) 

and assume its sign to be positive.  

 
𝜕𝜙𝑡

𝜕𝜏
|𝑘𝑡  𝑖𝑠  𝑔𝑖𝑣𝑒𝑛 =

1

1−𝜏
−

𝛾

𝜏(1−𝛾)

(1−𝜇)𝑝𝑡
𝜇+(1−𝜇)𝑝𝑡

𝛼

𝜙𝑡
[1+

𝛾

(1−𝛾)

(1−𝜇)𝑝𝑡
𝜇+(1−𝜇)𝑝𝑡

]
> 0. (28) 

 The sign of the denominator is positive, but that of the numerator is indeterminate. Thus, the sign of 

(28) is generally indeterminate: given 𝑘𝑡, an increase in 𝜏 may increase or decrease 𝜙𝑡. The economic 

intuition is as follows. The tax increase lowers both the expected unit childcare cost in region 𝑢 and 

the after-tax marginal product of labor in region 𝑢. The former enhances the attractiveness of region 

𝑢 as a place to raise children, incentivizing individuals to live in region 𝑢. The latter diminishes the 

demand for labor, making it more difficult for individuals to work in region 𝑢. If the former outweighs 

the latter, a tax increase enhances the concentration ratio. This is a desirable situation in which the 

policy leads to a population increase in region 𝑢 with 𝑁𝑡 given. 16 

With 
𝜕𝜙𝑡

𝜕𝜏
> 0, (25) and (26) show that  

                                                 

15 Note that 𝑝
𝑡

< 1 gives the lower limit of �̅�(𝜏) as (𝜆𝐴((1 − 𝜎)(1 − 𝛾))1−𝛼𝜏)
−1

𝛼 . 

16 This situation can be naturally denoted as a desirable or favourable one for a regional government facing a severe population decline. 
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𝜕Ω(𝜏)

𝜕𝜏
> 0                                                          (29) 

 and  

 
𝜕�̅�(𝜏)

𝜕𝜏
< 0,                                                (30) 

 respectively. Figure 4 illustrates the relations among (28), (29), and (30).  

Figure 4. Impact of 𝜏 on 𝜙𝑡 

 

Recalling that 𝜙𝑡 is a function of 𝜏 with 𝑘𝑡 as given, the differentiation of (23) with respect to 

𝜏 yields  

 
𝜕𝑝𝑡

𝜕𝜏
= 𝑝𝑡 (

𝛼

𝜏
) [

𝜕𝜙𝑡
𝜙𝑡
𝜕𝜏

𝜏

−
1

𝛼
].                                                    (31) 

 If 
𝜕𝜙𝑡

𝜕𝜏
> 0 holds, as assumed thus far, then the sign of (31) is indefinite. In the following analysis, 

we assume that 

𝜕𝜙𝑡
𝜙𝑡
𝜕𝜏

𝜏

<
1

𝛼
 such that  

 
𝜕𝑝𝑡

𝜕𝜏
  < 0 (32) 

 holds. Noting that 𝜙𝑡 = 1 in concentration, the corresponding part for the case of 𝑘𝑡 ≥ �̅�(𝜏) is  

 
𝜕𝑝𝑡

𝜕𝜏
< 0. (33) 
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 The case of 
𝜕𝑝𝑡

𝜕𝜏
< 0 indicates that a tax increase policy raises the fertility in region 𝑢, resulting in 

regional population growth. 

In the subsequent analysis, we assumed that the tax increase policy increases 𝜙𝑡 and lowers 

𝑝𝑡; the regional government can implement the policy as desired in the short run. 17 The discussion 

above is summarized as follows. With a given 𝑘𝑡, the myopic regional government can set 𝜏 such that 

both 𝜙𝑡 and 𝑛𝑡
𝑢 increase. This concerns the short-run effect of the policy in the sense that 𝑘𝑡 is given. 

We stress that our analysis is conducted only in the case where the childcare support policy in region 

𝑢 by the myopic regional government of region 𝑢 (i.e., the policy that aims at both an increase in 𝑛𝑡
𝑢 

and in 𝜙𝑡) is successful in the short run, and we examine whether regional and/or social welfare in 

the long run also increase in that case. 18 As the dynamic side of the model implies, 𝑘𝑡 generally 

changes with population growth and capital accumulation in the long run; Figure 4 shows that when 

𝑘𝑡 falls, in the long run 𝜙𝑡 reaches less than the level before the policy is implemented, and, when 

that is the case, (23) shows a possible decline in the fertility rate in region 𝑢. 

We express the total adult population in period 𝑡 + 1, 𝑁𝑡+1, as  

 𝑁𝑡+1 = [𝑛𝑡
𝑢𝜙𝑡 + 𝑛𝑡

𝑟(1 − 𝜙𝑡)]𝑁𝑡.                                         (34) 

Denoting the total fertility of the economy in period 𝑡, 
𝑁𝑡+1

𝑁𝑡
, as 𝑚𝑡, (34) is revised to  

 𝑚𝑡 = 𝜙𝑡(𝑛𝑡
𝑢 − 𝑛𝑡

𝑟) + 𝑛𝑡
𝑟 .                                                    (35) 

 Given 𝜏 , the dynamics of 𝑚𝑡  is non-monotonic in 𝑘𝑡 . As shown in the previous sections, 𝜙𝑡 

increases proportionally to 𝑘𝑡, and 𝑛𝑡
𝑢 and 𝑛𝑡

𝑟 are constant in dispersion; if 𝜙𝑡 is unity, 𝑛𝑡
𝑢 increases 

in concentration as 𝑘𝑡 increases because 𝑝𝑡 decreases as 𝑘𝑡 increases in that case. Considering these 

properties, together with the negative sign of (𝑛𝑡
𝑢 − 𝑛𝑡

𝑟) , it is straightforward to show that 𝑚𝑡 

decreases proportionally to 𝑘𝑡  in dispersion, whereas 𝑚𝑡(= 𝑛𝑡
𝑢)  increases as 𝑘𝑡  increases in 

concentration. Figure 5 illustrates the dynamics of 𝑚𝑡. 

 

                                                 

17 Hashimoto and Naito (2023) focused on this case, but they did not conduct a welfare analysis. This study discusses its impact on social welfare in 

detail and attempts to sound a warning about the nature of policies that focus only on population and fertility rates, regardless of how serious the 

population decline will be. 

18 We demonstrate that the policy leads to situations other than those in this case. It is sufficient to deal only with this case to show that the potential 

differences between the short- and long-run, or between population growth and welfare improvements in regional policies and their desired effects for 

the region, may not be so for the economy as a whole. 
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Figure 5. Total fertility 𝑚𝑡 

 

Figure 6. Impact of 𝜏 on 𝑚𝑡 

 

Given 𝑘𝑡, although 𝑚𝑡 changes with 𝜏, the relationship is complex. Denoting 𝜙𝑡 and 𝑛𝑡
𝑢 as 

𝜙𝑡(𝜏) and 𝑛𝑢(𝜏), respectively, the differentiation of (35) with respect to 𝜏 yields  

 
𝜕𝑚𝑡

𝜕𝜏
= 𝜙𝑡(𝜏)

𝜕𝑛𝑢(𝜏)

𝜕𝜏
+

𝜕𝜙𝑡(𝜏)

𝜕𝜏
(𝑛𝑢(𝜏) − 𝑛𝑟). 

 As shown, the total effect of an increase in 𝜏 can be interpreted as a combination of the following 

two effects. One is the effect on an individual's fertility rate, which the first term in the right-hand 

side of the above derivative represents, and the other is the effect on interregional population 

migration, which the second term in the right-hand side represents. Hereafter, we refer to the former 
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as "the individual effect" and the latter as "the migration effect." The individual effect is positive in 

that 𝑚𝑡 increases as 𝜏 increases, whereas the migration effect is negative in that 𝑚𝑡 decreases as 𝜏 

increases. It is worthwhile to provide an intuitive explanation for the migration effect. (𝑛𝑢(𝜏) − 𝑛𝑟) 

always holds, as shown in (14); thus, an increase in the ratio of the adult population in region 𝑢 to 

that in region 𝑟 increases the number of parents with fewer children and decreases the number of 

parents with more children. In concentration, an increase in 𝜏  negatively impacts the standby 

probability 𝑝𝑡 as in (33), and thus increases total fertility 𝑚𝑡 (= 𝑛𝑡
𝑢) as the migration effect does not 

occur by the definition of concentration. However, in dispersion, an increase in 𝜏 shapes the variations 

in outcomes with respect to changes in 𝑚𝑡 . Moreover, the key factor shaping this contrast is 

interregional migration. This suggests that interregional migration is an important factor for a better 

understanding of demographics. 

3.1 Capital accumulation 

The goods market in period 𝑡 clears when the aggregate savings in period 𝑡 are equal to the aggregate 

investment in period 𝑡. Recalling that capital depreciates perfectly in a given period, we obtain the 

following goods market clearing condition in period 𝑡: 

 𝐾𝑡+1 = 𝑠𝑡
𝑢𝑁𝑡

𝑢 + 𝑠𝑡
𝑟𝑁𝑡

𝑟 .                                                    (36) 

 Dividing both sides of (36) by 𝑁𝑡+1 and using (35), (36) is revised as follows.  

 𝑘𝑡+1 =
𝜙𝑡𝑠𝑡

𝑢+(1−𝜙𝑡)𝑠𝑡
𝑟

𝑚𝑡
.    (37) 

 Considering that 𝜙𝑡, 𝑠𝑡
𝑢, 𝑠𝑡

𝑟, and 𝑚𝑡 depend on 𝑘𝑡 and 𝜏, we obtain 𝑘𝑡+1 as a function of 𝑘𝑡 and 𝜏, 

which is a nonlinear difference equation. We express it as  

 𝑘𝑡+1 = Ψ(𝑘𝑡; 𝜏).                                                    (38) 

 Two shapes of Ψ depend on 𝑘𝑡 because 𝜙𝑡 depends on 𝑘𝑡 from (27): the case of 𝑘𝑡 ≥ �̅� and that of 

𝑘𝑡 < �̅�. Thus, each of these two cases must be considered separately. For 𝑘𝑡 < �̅�, the population 

distribution displays dispersion, and for 𝑘𝑡 ≥ �̅�, it exhibits concentration. 

Dispersion case: 𝒌𝒕 < 𝒌 

We prove the convexity of Ψ(𝑘𝑡; 𝜏) for 𝑘𝑡 < �̅�. When 𝑘𝑡 is smaller than �̅�, 𝜙𝑡 is not unity 

and is defined as Ω(𝜏)𝑘𝑡 given by (27). Moreover, the equilibrium values for 𝑝𝑡, 𝑤𝑡
𝑢, and thus 𝑠𝑡

𝑢 are 

constant in this case because 𝑘𝑡/𝜙𝑡 in (23) and (19) is constant at �̅�(𝜏) or Ω(𝜏)−1. Noting that 𝑝𝑡 and 

𝑠𝑡
𝑢 are independent of 𝑘𝑡, the differentiation of (37) with respect to 𝑘𝑡 is as follows.  
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𝑑𝑘𝑡+1

𝑑𝑘𝑡
=

1

𝑚𝑡
2 {

𝜕𝜙𝑡

𝜕𝑘𝑡
(𝑠𝑡

𝑢 − 𝑠𝑡
𝑟)𝑚𝑡 − [𝜙𝑡𝑠𝑡

𝑢 + (1 − 𝜙𝑡)𝑠𝑡
𝑟]

𝜕𝑚𝑡

𝜕𝑘𝑡
} > 0.                    (39) 

 As (𝑠𝑡
𝑢 − 𝑠𝑡

𝑟)  is positive, 
𝜕𝑠𝑡

𝑢

𝜕𝑘𝑡
 is zero, and 

𝜕𝑚𝑡

𝜕𝑘𝑡
 is negative, the sign of (39) is strictly positive. 

Moreover, the differentiation of (39) with respect to 𝑘𝑡 is  

 
𝑑2𝑘𝑡+1

𝑑𝑘𝑡
2 = −2

1

𝑚𝑡
3

𝜕𝑚𝑡

𝜕𝑘𝑡
{

𝜕𝜙𝑡

𝜕𝑘𝑡
(𝑠𝑡

𝑢 − 𝑠𝑡
𝑟)𝑚𝑡 − [𝜙𝑡𝑠𝑡

𝑢 + (1 − 𝜙𝑡)𝑠𝑡
𝑟]

𝜕𝑚𝑡

𝜕𝑘𝑡
} > 0. (40) 

 We now define (38) for 𝑘𝑡 < �̅� as Ψ1(𝑘𝑡; 𝜏), which is an increasing and convex function of 𝑘𝑡. 

Concentration case: 𝒌𝒕 ≥ 𝒌 

We confirm the concavity of Ψ(𝑘𝑡; 𝜏) when 𝑘𝑡 ≥ �̅�. As given by (27), 𝜙𝑡 equals unity for 

𝑘𝑡 ≥ �̅�. Substituting (15) and (16) into (37),  (37) is revised to  

 𝑘𝑡+1 =
𝐴𝑧

𝜏𝛾
(1 − 𝛼)(1 − 𝜏)(1 − 𝛾)1−𝛼(𝐵(1 − 𝜇) + 𝑘𝛼𝜏𝜇),                  (41) 

 where 𝐵 ≡ (𝜆𝐴)−1(1 − 𝛾)𝛼−1. We define (38) for 𝑘𝑡 ≥ 𝑘 as Ψ2(𝑘𝑡; 𝜏). Assumption 𝛼 ∈ (0,1) in 

(18) proves that Ψ2(𝑘𝑡; 𝜏) is an increasing and concave function of 𝑘𝑡. As previously mentioned, (38) 

can be summarized as follows.  

 Ψ(𝑘𝑡; 𝜏) = {
Ψ1(𝑘𝑡; 𝜏) ifkt < k̅(τ)

Ψ2(𝑘𝑡; 𝜏) ifkt ≥ k̅(τ),
 (42) 

 where Ψ1(0; 𝜏) =
𝐴𝑏(1−𝛾)�̅�

𝛾
> 0 and Ψ2(0; 𝜏) =

𝑧(1−𝜇)(1−𝛼)(1−𝜏)(𝜆𝜏)−1

𝛾
> 0. 19  

 

 

 

 

 

 

 

 

                                                 

19 It is useful to know Ψ𝑗(0; 𝜏)(𝑗 = 1,2) > 0 to illustrate the graph of Ψ𝑗(𝑘𝑡; 𝜏) in the subsequent analysis. 
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Figure 7. Possible cases of steady states  

 

3.2 Steady state 

We define the steady state as an equilibrium path where capital per adult 𝑘𝑡 takes a constant value 

over time. Let 𝑘(𝜏) represent capital per adult when the tax rate is 𝜏. Moreover, we denote 𝑘(𝜏) at 

the dispersion steady state as 𝑘∗(𝜏) or 𝑘∗. Once 𝑘(𝜏) is determined, the steady state values of the 

other endogenous variables are determined. Given 𝜏, the steady state values of 𝜙𝑡, 𝑝𝑡, 𝑛𝑡
𝑢, and 𝑚𝑡 are 

𝜙∗(𝜏), 𝑝∗(𝜏), 𝑛𝑢∗(𝜏), and 𝑚∗(𝜏), respectively. As Ψ(𝑘𝑡; 𝜏) is an increasing S-shaped function with 

a fixed positive intercept on the vertical axis and lim𝑘𝑡→+∞
𝑑2𝑘𝑡+1

𝑑𝑘𝑡
2 = 0, the dynamic system will either 

depict an economy with one stable steady state, or that with two stable steady states and one unstable 

steady state, depending on parameters such as 𝜏. The results are shown in Figure 7. There are two 

cases for economies with a unique steady state. One is an economy with a unique steady state 

characterized by concentration (Point A in Figure 7), and the other is an economy that has a unique 

steady state characterized by dispersion (Point D in Figure 7). These steady states are globally stable; 

thus, for an economy with any initial value of 𝑘𝑡, 𝑘0 converges to a unique steady state; the stability 

of Point D is assured by assuming  
𝑑𝑘𝑡+1

𝑑𝑘𝑡
 <1 at 𝑘𝑡 = 𝑘∗(𝜏) (Point D in Figure 7).  In case of multiple 

steady states, one of the two stable steady states is concentration (Point B in Figure 7), and the other 

is dispersion (Point C in Figure 7); the unstable steady state (Point U in Figure 7) is dispersion. 

Although an equilibrium path has various patterns depending on 𝑘0 and parameters such as 𝜏, it is 

uniquely determined when 𝑘0 and 𝜏 are given. Any steady state is considered with an appropriate 𝑘0. 
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4. Policy effects on the steady state value: 𝜙∗(𝜏), 𝑝∗(𝜏), 𝑛𝑢∗(𝜏), and 𝑚∗(𝜏) 

This section considers the impact of promoting childcare policy on 𝜙∗(𝜏), 𝑝∗(𝜏), 𝑛𝑢∗(𝜏), and 𝑚∗(𝜏), 

which are the values at the dispersion steady states. As the Appendix shows, the sign of 
𝜕Ψ1(𝑘𝑡;𝜏)

𝜕𝜏
 is 

indefinite, whereas that of 
𝜕Ψ2(𝑘𝑡;𝜏)

𝜕𝜏
 is definitely negative. Since we focus only on the case where 

Ψ(𝑘𝑡; 𝜏) is a continuous function, we assume that 
𝜕Ψ1(𝑘𝑡;𝜏)

𝜕𝜏
< 0 holds. As the promotion of childcare 

policy rotates Ψ1(𝑘𝑡; 𝜏)  clockwise around the vertical intercept and shifts Ψ2(𝑘𝑡; 𝜏)  downward, 

maintaining the continuity of Ψ(𝑘𝑡; 𝜏), the dispersion steady state is supposed to move to a new 

dispersion steady state. 

Figure 8. Possible cases of steady states  

 

Impact of 𝝉 on 𝝓∗(𝝉) 

The impact of 𝜏 on 𝜙(𝜏) is not uniquely determined when the steady state at Point 𝐶 moves 

to that at Point 𝐷. As �̅� decreases with an increase in 𝜏, the steady state at Point 𝐶 may move to either 

𝐷1 or 𝐷2 in Figure 8. This is because 𝜏 has two types of impacts, as in (27). One is the impact on Ω, 

and the other is the impact on 𝑘∗. The former has a positive effect on Ω, whereas the latter has a 

negative effect on 𝑘∗; the impact of 𝜏 on 𝜙(𝜏) is ambiguous. An increase in 𝜏 does not necessarily 

increase the ratio of the adult population in region 𝑢 in the long run. 
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Impact of 𝝉 on 𝒑∗(𝝉) 

 We now consider the impact on 𝑝∗(𝜏). Using (29), (23) shows that the sign of 
𝜕𝑝∗(𝜏)

𝜕𝜏
 is 

negative, whereas that of 
𝜕𝜙(𝜏)

𝜕𝜏
 is ambiguous. Childcare policy reduces the standby probability not 

only in the short run but also in the long run. 

Impact of 𝝉 on 𝒏𝒖∗(𝝉) 

 Considering 
𝜕𝑝∗(𝜏)

𝜕𝜏
< 0, (5) shows that 

𝜕𝑛𝑢∗

𝜕𝜏
> 0 holds. Childcare policy reduces fertility in 

region 𝑢 not only in the short run but also in the long run. 

Impact of 𝝉 on 𝒎∗(𝝉) 

 Finally, we consider the impact on 𝑚∗(𝜏). From (35), the total fertility at the steady state, 

𝑚∗(𝜏) is given as 𝑚∗(𝜏) = 𝜙 ∗ (𝜏)(𝑛𝑢∗(𝜏) − 𝑛𝑟) + 𝑛𝑟. By differentiating 𝑚∗(𝜏) with respect to 𝜏, 

we obtain:  

 
𝜕𝑚∗(𝜏)

𝜕𝜏
=

𝜕𝜙∗(𝜏)

𝜕𝜏
(𝑛𝑢∗(𝜏) − 𝑛𝑟) +

𝜕𝑛𝑢∗(𝜏)

𝜕𝜏
. (43) 

 The sign of 
𝜕𝑚∗(𝜏)

𝜕𝜏
 is indefinite despite the fact that 

𝜕𝑛𝑢∗(𝜏)

𝜕𝜏
> 0. The ambiguity of the sign of 

𝜕𝜙∗(𝜏)

𝜕𝜏
 

leads to the result. The promotion of childcare policy does not always improve the total fertility rate. 

One significant result of the analysis conducted is that the regional childcare policy in region 

𝑢 can increase fertility in region 𝑢 in both the short and long terms. The policy is successful for 

regional governments whose objective is to increase regional fertility. 

5. Welfare 

5.1 Impact of 𝝉 on regional and social welfare 

This section considers the impact of childcare policy on increasing 𝜏 by comparing the regional and 

social welfare at the steady states. First, we consider the welfare of each region. We define the indirect 

utility of individuals in each region as regional welfare. As the indirect utilities in both regions are 

equal under the dispersion equilibrium (𝑉𝑢 = 𝑉𝑟), 𝑉𝑟 is given by  

 𝑉𝑟(𝜏) = 𝛾ln𝑛𝑟∗(𝜏) + (1 − 𝛾)ln𝑐𝑟∗(𝜏),    (44) 

 where 𝑛𝑟∗(𝜏) and 𝑐𝑟∗(𝜏) denote the number of children and retirement consumption in region 𝑟 at a 

steady state, respectively. From (9) and (10), (44) is revised as  
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 𝑉𝑟(𝜏) = 𝛾ln (
𝛾

�̅�
) + (1 − 𝛾)ln[𝑅∗(1 − 𝛾)𝐴𝑏]. (45) 

 By differentiating (45) with respect to 𝜏, the impact of 𝜏 on 𝑉𝑟(𝜏) is given by  

 
𝜕𝑉𝑟(𝜏)

𝜕𝜏
=

1−𝛾

𝑅∗

𝜕𝑅∗

𝜕𝜏
⋛ 0. (46) 

 Using (19) and (23), we write 𝑅∗ as  

 𝑅∗ = 𝐴𝛼(1 − 𝜏)(1 − 𝛾)1−𝛼 (
1

Ω(𝜏)
)

𝛼−1

. (47) 

 By differentiating (47) with respect to 𝜏, we obtain  

 
𝜕𝑅∗

𝜕𝜏
= 𝐴𝛼(1 − 𝛾) {− (

1

Ω(𝜏)
)

1−𝛼

− (1 − 𝜏)(𝛼 − 1)(Ω(𝜏))𝛼 𝜕Ω(𝜏)

𝜕𝜏
} ⋛ 0.                (48) 

 Assuming 
𝜕Ω(𝜏)

𝜕𝜏
> 0 , the sign of 

𝜕𝑅∗

𝜕𝜏
 is indeterminate. Consequently, the sign of 

𝜕𝑉𝑟(𝜏)

𝜕𝜏
 is 

indeterminate. Next, we define social welfare as 𝑊, which is the weighted average of each regional 

welfare 𝑉𝑖(𝑖 = 𝑢, 𝑟) with 𝜙 as the weight; that is,  

 𝑊 ≡ 𝜙𝑉𝑢 + (1 − 𝜙)𝑉𝑟 . (49) 

 As 𝑉𝑢 is equal to 𝑉𝑟, 𝑊 in (49) can be reduced to 𝑉𝑟. Therefore, the results for regional welfare 

apply directly to the study of the impact of 𝜏 on 𝑊. 

5.2 Discussion 

The promotion of childcare policy in region 𝑢 is designed to increase both the fertility rate of region 

𝑢 and the ratio of the population in region 𝑢 to that in the economy in the short run, increase the 

fertility rate of region 𝑢 in the long run, and increase the population ratio of region 𝑢 in the long run. 

The indefinite impact of childcare improvement policy on social welfare is based on 𝜙𝑡, which plays 

a key role in this study. This result is similar to that obtained for the total fertility rate.20 Although our 

analysis is limited to the case in which the regional fertility policy succeeds, such a policy affects the 

path of capital accumulation, changes the capital intensity of production in region 𝑢 because of the 

ratio of the adult population in region 𝑢, and alters its marginal products. Therefore, policy effects 

have various outcomes. The degree of change in the net interest rate, resulting from an increase in 

                                                 

20 See Hashimoto and Naito (2023) for a detailed discussion of this mechanism. 
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marginal products of capital, is noteworthy. The promotion of childcare support policies in region 𝑢, 

as described above, has been shown to reduce both the regional and social welfare in region 𝑢. This 

implies a decrease in consumption that leads to a welfare loss, outweighing the welfare gain from 

having children. Although we do not refer to the case where the impact of policy decreases 𝜙𝑡 or does 

not affect it, an increase in 𝜏 in those cases always decreases marginal products and welfare because 

of declining net interest. Summarizing the above, a loss in social welfare comes from a significant 

decrease in consumption in retirement. Thus, the regional government needs to introduce other 

policies that increase the marginal productivity of net capital or reduce the decline in consumption in 

retirement in order for the regional social welfare to increase when the regional childcare support 

policies are implemented to raise the regional fertility. Theoretically, there is a steady state in which 

all individuals reside in region u. Although the social welfare function in this case is defined by the 

indirect utility function in region u, we can develop a similar argument. 

As fot determination of τ, we have not analyzed the optimality for τ. First, the government 

determines τ without considering the reaction of individuals and firms to the governent policy. 

Therefore, we do not refer to the optimal rate of τ to maximize social welfare 

because this model is not set up properly to pursue the optimality for τ. If we refer to the optimal rate 

of τ, an additional assumption on the government behavior must be imposed. As for social welfare, 

we have another controversial issue to discuss. The issue is the difficulty in defining the social welfare 

in overlapping generations models. While we have defined social welfare based on the lifetime utility 

of any generation in the steady state, there are other definitions of social welfare. For instance, a 

weighted sum of the utilities of different generations in a given period in the steady state is 

considerable; it is not easy to determine the weight. It is interesting to discuss the determination of 

the weight because it is related to the silver democracy issue; the weight can be related to the ratio of 

the young to the elderly generation. It is also possible to define social welfare as the sum of the 

indirect utilities of individuals in both regions. 

 

6. Conclusion 

This study investigated the effect of regional childcare policy on welfare at steady state in an 

overlapping generations economy that consists of regions 𝑢 and 𝑟, which complements Hashimoto 

and Naito (2023) who analyze its effect only on the fertility rate and capital accumulation. 

Reconfirming the existence of two types of steady state equilibria, we conducted a welfare analysis 

only in the case of the dispersion equilibrium, in which the two regions exist. We explored the effect 

of promoting childcare support in region 𝑢 on welfare in the long run, limited to the case in which 

the policy works well as anti-population-decline in the sense that it raises both the fertility rate of 
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region 𝑢 and the population ratio of region 𝑢. The analysis clarified that the success of regional 

childcare support policy as an anti-population-decline policy did not guarantee an increase in welfare. 

Extending the analysis to other possible cases easily brings about various welfare effect outcomes. A 

primary factor shaping these outcomes is the variety of policy effects on population ratios in the short 

run. For regional population growth policies to be implemented in a way that results in welfare 

improvement, it is suggested that regional governments consider not only the improvement of 

childcare environment and boosting of fertility rates in their own regions but also the policy impact 

on the population distribution of the whole economy. This implies that the central government should 

implement policies that can target population distribution throughout the economy in coordination 

with population policies implemented by regional governments. Future studies should consider 

effective population growth policies based on intergovernmental cooperation and competition. 
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Appendix  

A. Derivation of (25) 

Combining (13) with (22), we obtain  

 
𝜙𝑡

𝑘𝑡
= {

𝑏

(1−𝜏)(1−𝛼)(1−𝜎)−𝛼(1−𝛾)−𝛼(1−𝜎)
1

1−𝛾

(
1

𝜇
)

𝛾

1−𝛾 [𝜇 + (1 − 𝜇)𝑝𝑡]
𝛾

1−𝛾}

−1

𝛼

. (50) 

 Considering that 𝑝𝑡 in (50) is a function of 
𝜙𝑡

𝑘𝑡
 as in (23), the derivative of 𝜙𝑡 with respect to 𝑘𝑡 is 

obtained as  

 
𝑑𝜙𝑡

𝑑𝑘𝑡
=

𝜙𝑡

𝑘𝑡
. (51) 

 Using the implicit function theorem for the case of 
𝜙𝑡

𝑘𝑡
> 0, 𝜙𝑡 can be expressed as a function of 𝑘𝑡:  

 𝜙𝑡 = Φ(𝑘𝑡; 𝜏). 

 Then, the integration of (51) shows that 𝜙𝑡 is a linear function of 𝑘𝑡 such that  

 𝜙𝑡 = Ω(𝜏)𝑘𝑡, 

 where Ω(𝜏) is characterized by the parameters in (50). 

 

B.  Sign of 
𝝏𝚿

𝝏𝝉
  

 This section describes how an increase in 𝜏 shifts Ψ(𝑘𝑡; 𝜏).  

B1.  𝒌𝒕 ≥ �̅� 

 Because 𝜙𝑡 is unity by definition, as in (27), for the case of 𝑘𝑡 ≥ �̅�, substituting 𝜙𝑡 = 1 for 

(37), we obtain 𝑘𝑡+1 = Ψ2(𝑘𝑡; 𝜏) as follows.  

 𝑘𝑡+1 =
𝑠𝑡

𝑢

𝑛𝑡
𝑢,                                              (52) 

 where 𝑠𝑡
𝑢 and 𝑛𝑡

𝑢 are defined as follows:  

 𝑠𝑡
𝑢 = 𝐴(1 − 𝛼)(1 − 𝜏)(1 − 𝜎)1−𝛼(1 − 𝛾)1−𝛼(𝑘𝑡)−𝛼 
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and  

 𝑛𝑡
𝑢 = (

𝛾(1−𝜎)

𝑧
) [𝑝𝑡(𝜏) + (1 − 𝑝𝑡(𝜏))𝜇]−1. 

 By differentiating (52) with respect to 𝜏 given 𝑘𝑡 ≥ �̅�, we obtain  

                                     
𝜕𝑘𝑡+1

𝜕𝜏
=

𝑠𝑡
𝑢

𝑛𝑡
𝑢 [−(1 − 𝜏)−1 + (

1−𝜇

𝜇+(1−𝜇)𝑝𝑡(𝜏)
)

𝜕𝑝𝑡(𝜏)

𝜕𝜏
].                            (53) 

 Since 𝜏, 𝜇, and 𝑝𝑡 are positive and strictly less than unity, and 
𝜕𝑝𝑡(𝜏)

𝜕𝜏
 always has a negative sign in 

the case of 𝑘𝑡 ≥ �̅� as shown in (33), the sign of (53) is definitely negative. Thus, an increase in 𝜏 

always shifts down Ψ2(𝑘𝑡; 𝜏). 

 

B2.  𝒌𝒕 < �̅� 

 Because the case of 𝑘𝑡 < �̅� is characterized by 0 < 𝜙𝑡 < 1, 𝑘𝑡+1 = Ψ1(𝑘𝑡; 𝜏) is given by 

(37); that is,  

 𝑘𝑡+1 =
𝜙𝑡𝑠𝑡

𝑢+(1−𝜙𝑡)𝑠𝑡
𝑟

𝜙𝑡𝑛𝑡
𝑢+(1−𝜙𝑡)𝑛𝑡

𝑟, (54) 

 where 𝑛𝑡
𝑢 is the same as for 𝑘𝑡 ≥ �̅�, but 𝑠𝑡

𝑢 differs as follows:  

 𝑠𝑡
𝑢 = 𝐴(1 − 𝛼)(1 − 𝜏)(1 − 𝜎)1−𝛼(1 − 𝛾)1−𝛼 (

𝑘𝑡

𝜙𝑡
)

−𝛼

. 

Considering that 𝑠𝑡
𝑟 and 𝑛𝑡

𝑟 are independent of 𝜏, the differentiation of (54) with respect to 𝜏 gives  

 
𝜕𝑘𝑡+1

𝜕𝜏
=

1

((𝑛𝑡
𝑢−𝑛𝑡

𝑟)𝜙𝑡+𝑛𝑡
𝑟)2

 

 × {[(𝑠𝑡
𝑢 − 𝑠𝑡

𝑟)
𝜕𝜙𝑡

𝜕𝜏
+ 𝜙𝑡

𝜕𝑠𝑡
𝑢

𝜕𝜏
] ((𝑛𝑡

𝑢 − 𝑛𝑡
𝑟)𝜙𝑡 + 𝑛𝑡

𝑟) 

 − ((𝑠𝑡
𝑢 − 𝑠𝑡

𝑟)𝜙𝑡 + 𝑠𝑡
𝑟) [(𝑛𝑡

𝑢 − 𝑛𝑡
𝑟)

𝜕𝜙𝑡

𝜕𝜏
+ 𝜙𝑡

𝜕𝑛𝑡
𝑢

𝜕𝜏
]},                                         (55) 

 where  

 
𝜕𝑠𝑡

𝑢

𝜕𝜏
=

−𝛼𝑠𝑡
𝑢

𝜏
[

𝜏

𝛼(1−𝜏)
+

𝜏

𝜙𝑡

𝜕𝜙𝑡

𝜕𝜏
] (56) 
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 and  

                                              
𝜕𝑛𝑡

𝑢

𝜕𝜏
= (

−(1−𝜇)

𝜇+(1−𝜇)𝑝𝑡(𝜏)
) 𝑛𝑡

𝑢 𝜕𝑝𝑡(𝜏)

𝜕𝜏
.                                               (57) 

 From (31), we have  

 
𝜕𝜙𝑡

𝜕𝜏
=

𝜙𝑡

𝛼𝜏
(1 +

𝜕𝑝𝑡

𝜕𝜏

𝜏

𝑝𝑡
). (58) 

 Together with (56), (57), and (58), (55) can be revised as follows:  

 
𝜕𝑘𝑡+1

𝜕𝜏
=

1

((𝑛𝑡
𝑢−𝑛𝑡

𝑟)𝜙𝑡+𝑛𝑡
𝑟)2 {(𝑛𝑡

𝑟𝑠𝑡
𝑢 − 𝑛𝑡

𝑢𝑠𝑡
𝑟)

𝜙𝑡

𝛼𝜏
+ 𝑚𝑡 (1 −

𝜙𝑡

1−𝜏
𝑠𝑡

𝑢) 

 + [(𝑛𝑡
𝑟𝑠𝑡

𝑢 − 𝑛𝑡
𝑢𝑠𝑡

𝑟)
𝜙𝑡

𝛼𝜏
+ 𝑚𝑡 + ((𝑠𝑡

𝑢 − 𝑠𝑡
𝑟)𝜙𝑡 + 𝑠𝑡

𝑟)𝜙𝑡 

 × (
1−𝜇

𝜇+(1−𝜇)𝑝𝑡
) 𝑛𝑡

𝑢 𝑝𝑡

𝜏
]

𝜕𝑝𝑡

𝜕𝜏

𝜏

𝑝𝑡
} ⋛ 0.                                                                           (59) 

 As the sign of (1 −
𝜙𝑡

1−𝜏
𝑠𝑡

𝑢) can be positive, negative, or zero, determining the sign of (59) is 

impossible. Thus, an increase in 𝜏 may shift Ψ1(𝑘𝑡; 𝜏) up, down, or have no effect. 


